Abstract. The average number of muons in air showers and its connection with shower development has been studied extensively in the past. With the upcoming detector upgrades, UHECR observatories will be able to probe higher moments of the distribution of the number of muons. Here a study of the physics of the fluctuations of the muon content is presented. In addition to proving that the fluctuations must be dominated by the first interactions, we show that low-N µ tail of the shower-to-shower distribution of the number of muons is determined by the high-x L region of the production cross-section of neutral pions in the first interaction.
Introduction
Due to the missmatch between the predicted and observed number of muons at ground [1] [2] [3] [4] [5] , much of the efforts to understand muon production in extensive air showers has been focused on the study of the average muon content [6] [7] [8] . The experimental situation is summarized in the report of the working group on hadronic interactions [9] . These studies suggest that the average muon number very much depends on low-energy interactions in the shower. In a recent paper [10] , it was shown that, in contrast to the average, the relative fluctuations of the number of muons, σ(N µ )/ N µ , to a large degree are determined by the first interaction. In fact, it was shown that the very shape of the shower-to-shower distribution of the number of muons is determined mostly by the fluctuations of the hadronic energy, E had , i.e. the energy carried by the particles that are likely to undergo another hadronic interaction. In the following we show that these fluctuations of hadronic energy, are linked to the energy spectrum of neutral pions in the first interaction. Ultimately, it is shown that the tail of the shower-to-shower distribution of the number of muons is determined by the production cross-section of neutral pions in the first interaction.
Shower-to-shower distribution of the muon content
The shower-to-shower distribution of the number of muons arriving at ground from simulated air showers that were initiated by protons with a primary energy of 10 19 eV is shown in Fig. 1 . The average logarithm of the number of muons at ground, ln N µ , is around 16.5 (15 million muons above 1 GeV). From the maximum, the distribution falls off quickly towards higher muon numbers. On the side * e-mail: friehn@lip.pt of low muon numbers the distribution exhibits a long tail. How does this distribution arise? Which processes shape the distribution?
Muons are produced in EAS by the decay of hadrons. This means muon production is very much linked to the hadronic cascade and hadronic multiparticle production. In contrast to electromagnetic (em.) cascades, which at high energies mostly involve two processes, electron-pair creation and bremsstrahlung, the hadronic cascade (equations) cannot be solved analytically. However, as our goal is explaining the fluctuations of the number of muons, the cascade equations and their solutions, which describe average quantities only, are not the ideal tool here. The alternative approach, namely to fully simulate the development of air showers in all microscopic detail on a computer, while certainly possible [11] , due to the large number of degrees of freedom, lacks the necessary transparency to help explaining how the final state, e.g. Fig. 1 , arises. A successful strategy is to adopt elements from both approaches [12, 13] .
In an effort to reduce the complexity of hadronic interactions we start by neglecting all differences between hadrons, except for the distinction between hadrons that instantaneously decay into electrons and/or photons and those that do not [6] . The former group will be referred to as the electromagnetic component, the latter as hadronic component 1 . Approximate solutions to the cascade equations [14] , full simulations [15] and measurements of air showers [1] show that the average number of muons in a hadron cascade as a function of the energy can be described by an expression of the form,
Microscopically, the exponent β ≈ 0.93 is related to the balance between the production of em. and hadronic particles [6] . As stated in the beginning, muons are essentially produced in the hadronic cascade 2 . Combined with the idea that the average muon yield of the cascade is determined by the energy (Eq. (1)), we can expect that the number of muons produced in the shower following the first interaction is proportional to the available energy E had (illustrated in Fig. 2 ). Taking full air shower simulations and looking at hadronic multiparticle production in the first interaction [16] [17] [18] we find that the hadronic energy, E had , is correlated with the number of muons at ground in the region of low numbers of muons (see Fig. 3 ). In the case that most of the energy remains in the hadronic component, corresponding to air showers with a large number muons at ground (see Fig. 3 in the range where E had /E 0 = 0.8-1), the correlation between the number of muons and E had is small. Taking the multiplicity of hadrons that are produced in the first interaction into account, this region can be described as well and the correlation can be increased further [10] . Comparing the size of the fluctuations, we find that the variance of the hadronic energy and multiplicity in the first interaction accounts for 80% of the total variance 3 . Specifically, this is achieved by defining
where β is the slope parameter of the average number of muons defined previously (see Eq. (1)), m is the number of particles in the hadronic component (multiplicity) and x L,i ≡ E i /E 0 is the fraction of the primary energy carried by particle i. The variable α 1 effectively interpolates between pure hadronic energy, E had /E 0 = m i x L,i , and the hadronic multiplicity, m. The correlation between α 1 and the number of muons at ground is shown in Fig. 4 .
The overall picture, however, remains valid: fluctuations of the number of muons are energy fluctuations in the first interaction.
Having established the connection between energy fluctuations and the number of muons, the question becomes: what drives the fluctuations of the energy? To answer this question it is easiest to switch components. Clearly, E had = E 0 − E em and σ(E had ) = σ(E em ), so the electromagnetic and hadronic components are equivalent. However, the em. component is dominated by neutral pions alone, whereas the hadronic component contains equal contributions from pions and protons (baryons) (see Fig. 5 ). This means the fluctuations of E had are related to the energy distribution of neutral pions. The region of the tail is populated by events where most of the energy is taken by a π 0 and the remaining energy is shared by other hadrons. In the language of hadronic multiparticle production, the tail of the distribution of hadronic energy, and by extension the distribution of the number of muons is linked to the inclusive production cross-section of neutral pions.
This connection can be verified in simulations by modifying the production cross-section and compare the resulting distribution of the number of muons. This is done in Fig. 6 . On the top two versions of the production crosssection as a function of x L = E π 0 /E beam are shown. In general the large-x L behavior of the cross-section is of the
where the exponent b controls the suppression at large-x L and a determines the shape of the pole at zero. The two versions shown in the figure are the default cross-section in Sibyll 2.3c [16] (a = 3.56, b = 1.02) and a modified version where the generated events have been resampled with a stronger suppression at large-x L (b → 4.35). On the bottom in Fig. 6 , the prediction for the distribution of the number of muons at ground for the two ensembles is shown. An exponential of the form exp (ln N µ /Λ), where Λ is the slope parameter, is fit to the tail of the distribution. As the production cross-section of π 0 at large-x L is reduced, the distribution of the num- 
Opportunity for a measurement
Having established the causal connection between the production spectrum of π 0 in the first interaction and the shape of the distribution of the number of muons of air showers, we are presented with an opportunity: if it is possible to measure the slope of the tail of the muon distribution, one effectively measures the shape of the pion production cross-section at large-x L . To test the feasibility of such a measurement we investigate the number of events that are necessary to obtain the slope of the tail of the N µ -distribution which is precise enough to distinguish between the predictions of the interaction models 4 , δ model = 0.2.
There remain three relevant factors to take into account in the measurement of N µ : the resolution of the detector on the muon measurement, the resolution on the energy measurement and the mass composition of cosmic rays. The effects of finite energy resolution and finite detector resolution can be combined in a single resolution. Typical values are 15% to 20% [19] . In order to get a clean measurement of the tail of the distribution the composition in the tail ought to be pure proton. For heavier primaries, the tail of the distribution of N µ is suppressed further and further with increasing number of nucleons the primary cosmic ray [10] . Hence the conditions for a measurement are best for proton primaries.
Much like in the case of the measurement of the interaction cross-section from the depth of the maximum of the longitudinal shower profile [20, 21] , the primary elements naturally separate. This allows one to enhance the fraction of protons by selecting events with low numbers of muons, i.e. by going out further and further in the tail. In Fig. 7 the distributions of ln N µ of proton, helium, nitrogen and iron induced air showers are shown for the case of equal mass fractions. Resolution effects are included by adding a Gaussian smearing of 20%. In the range ln N µ < 14.7 the contamination of helium in the proton sample is below 25% and the resulting slope of the combined distribution does not differ significantly from the case of pure protons. To account for the contamination of the proton sample from the low end of muon numbers by photon initiated showers [22] , the range where the slope is evaluated is limited to 0.9 units in ln N µ .
In Fig. 8 the resolution on the slope of the muon distribution is shown as a function of the size of the statistical sample. Around 1000 events are needed to reach the desired precision. Preliminary studies show that in a case of a helium dominated mass composition (1:5:1:1), the range of low helium contamination shifts to below 14.5 and the number of events necessary to reach a precision better than δ model increases to 10 4 . Given these requirements, none of the current experiments have the capabilities to perform such a measurement. However, by improving reconstruction methods [23] , extending existing detectors or deploying new experiments the measurement may become possible in the future. The upgrade of the Pierre Auger Observatory, AugerPrime [24] , for example, includes extensions at energies around 10 17 eV that may provide the required precision and event statistics [25] . Particularly encouraging are the preliminary results on the average muon content that were obtained with the array of burried scintillators (AMIGA) [26] with around a year of data [27] .
Through the combined measurement of the surface and radio signal of inclined air showers in the energy range from 10 16.5 eV to 10 18 eV, GRANDProto300, a pathfinder experiment for the proposed "Giant Radio Array for Neutrino Detection" (GRAND) experiment [28] , may provide another good opportunity. The high duty cycle of surface detector stations and radio antennas provides the statistical power, while the focus on inclined showers (a pre-requisite for radio detection with sparse antenna arrays) insures a clean muon signal in the surface detectors. Although the feasibility of the measurement of the radio emission from extensive air showers on such a scale has not been demonstrated before, energy resolutions of 15% to 20% have been achieved [28, 29] .
Impact
The benefits of having a detailed measurement of the shape of the distribution of the number of muons in proton induced extensive air showers are twofold. First and most immediate, it would constrain hadronic interaction models and help finding a solution to the muon problem. As the width of the muon distribution is based on the energy flow in the first interaction, the measurement is sensitive to exotic phenomena that would affect this flow. Scenarios invoking the violation of Lorentz invariance [30] , for example, predict that beyond some energy threshold the decay of particles, including neutral pions, is suppressed. This then changes the shape of the distribution of hadronic energy, the tail and width of the muon distribution changes.
Second, the measurement of the pion production crosssection at large-x L in extensive air showers nicely complements the measurements by LHCf at the LHC [31] . In terms of fundamental physics, the production crosssections at large-x L are sensitive to the momentum distribution of valence quarks in the projectile and the very small-x behavior of the gluon distributions in the target.
The predictions on the nature of particle production under such extreme conditions, range from the formation of a "color glass condensate" [32] , to complete absorption of valence quarks and disappearance of leading particles [33] .
Conclusion
In this study we have shown that, the forward production cross-section of neutral pions can be accessed experimentally through the measurement of the tail of the showerto-shower distribution of the number of muons in proton induced extensive air showers.
